Cape Unit 1 Paper 2
2013 Solutions
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()  2@®x=(2)° +x*+2(2)+x-5x(2)
=8+ x* —9x
x> -9x+8=0
(x-8)x-1)=0
x=8x=1

() Forn=1
P(1)=5+3=8, which is a multiple of 2

Suppose the result is true for n =k
then P(k)=5* +3=2M,M e N

Pk +1)=5"+3
=5[1+4]+3
=5 +3+4(5")
= 2M +4(5* )= 2|M +2(5"
which is a multiple of two
.. the result is true for all positive integers

@ () f(-1)=-1-9-p+16=0
= p=6

(i) Al 1 -9 6 16

f(x)=(x* —10x +16)x +1)

=(x-8)x—2)x+1)

OR
x? —10x +16
x+1>x3 —9%x% +6x+16

X+ x?
—10x° + 6X
—10x* —10x
16x+16
16x +16

f(x)=(x* —10x +16)x +1)

=(x—8)x—2)x +1)




OR

f(x)=(x+1)ax? +bx+c)=x* —9x? + 6x +16
x*ra=1
x*:a+b=-9—>b=-10
const :c =16

f(x)=(x* —10x+16)x +1)

=(x—8)x—2)x+1)

(i) (x—8)x—-2)x+1)=0
X=8x=2,x=-1

(@) f(x)=x" - x
A function is 1 — Lifand only if f(x,)= f(x,)— % =X,
Let X, X, € Aand X; # X,
Then f(x,)= f(x,)
e X’ —x =%"—X,
(Xl _Xz)(xl +X2): X =X
X +X, =1
X, =1-X,
But X, e A— X, 21X, hence X, <0
Hence X, ¢ A, which is a contradiction to the assumption X, € A.
X =X, > fis1-1.

OR

® 0 @ f(x)=3x+2

y=3x+2
X=3y+2
X—2 X—2
T oy fix)=—=
5 =Y (==
g(x)=e2x
y=eZ><
X =e?
Inx=2y
In_x—y_)g_l In_x
2 2



(©)

(@)

(i)

(i)

(ii)

(i)

3x* +4x-4<0
(x+2)3x—2)<0

case |
X+2>0and 3x—-2<0

x2—2andxsE
3

—ZSXSg

case Il
X+2<0and 3x—-2>0

XS—ZmdngmMpmﬁm@

S=2<Xx<

wliN

x+2/=3x+5
(x+2)* = (3x+5)
8x% +26x+21=0

L _—26+44
16
_—24_ 3
16 2
=I§§=—Zammm$mm
16 4
OR
X+2=3Xx+5
3
X=——
2
X+2=—(3x+5)
x=—zammm$mm
4
sin@
R.H.S.= Ztanf = C(.)S?
1+tan“ @ sin“ @
1+ 5
cos“ @
_ 2sin@cosd
cos? @ +sin’ @
=2sin@cos @

=sin 26



(ii) sin260—tand =0
2tan@
1+tan® @
2tan 0 —(1+tan® O)tan 6 =0
tang—tan* 6 =0
tan@(l—tanze)zo

—tan@=0

tand=0
0=0,72rx
(0,3.14,6.28)

tand =+1

(0.785,3.93,2.36,5.5)

NB Solutions in degrees will be accepted.

®) () f(#)=3cosd—4sind

r=+4>+3* =5
a= tanl(ﬂj
3
=0.927rad

~. 1(0)=5cos(+0.927)

(ii) (a) max COS(H + a) —>max f (0)

r=5
(b) min value of f(&)—)min of;
8+ ()
. 1 1
min value —— = —
8+5 13

(i) () A+B+C=7—>A=7-(B+C)
—sin A=sin[z—(B+C)
—sin A=sin(B+C)

(o)  from (a) sinB =sin(C + A), sinC =sin(A+ B)
—sin A+sinB+sinC
=sin(B +C)+sin(C + A)+sin(A+B)

@ () (x=3f +(y-2)7 =9
centre (3,2)

radius r =3
(i) (@) in a circle tangent is perpendicular to normal.
gradient of normal = 2=2_,

..eqn. of tangentis y =2
since it passes through (3,2)

(b) eqn. of tangent is X =Kk
egn. of tangent is X =6
hence the tangent is parallel to the y — axis.



(b) y:2t—4—>t:y%4

X:(y+4jz+(y+4j
2 2
B y2+8y+16+ y+4

4 2
Yy +8y+16+2y+8

4

—4x=y*+8y+16+2y+8

© @

(i)

AB = (i +2j — 4K) — (3i —j + 2K)
- i + 3j - 6k

BC = (i +j - 2K) — (i + 2j — 4K)
=-2i—j+2k

r is perpendicular to the plane through A, B and C
ifr.KB:O and r.BE) =0

r. AB = (-16j — 8K ).(-2i + 3j — 6K)
= 48+48=0

BC .r = (-2i — j + 2K)(-16] — 8K)

(
1616 =0

OR

i j ok
=|-2 3 -6

-2 -1 2
=i(6-6)— j(-4-12)+k(2+6)
=16 +8k = (~1)-16 j —8k]

- -

ABx B

.. —16 j — 8k is perpendicular to the plane through A, B,C .

(iii)

@ @

(i)

(b)

letr =xi+yj+zk withr.n=d

at the point A, r =3i—j + 2k and n = -16j — 8k
~.d=(3i—j+2k).(-16j -8k) =16 -16=0

Hence Cartesian equation of the plane is
(xi +yj +zKk).(-16j —8Kk) =0
-16y-8z2=0—>2y+z=0

f (x)is not defined at x = 2
<. T(x)is not continuous

_ X2 +2x+3
(x2+2)3



(©)

(d)

(@)

u=x2+2x+3;d—u=2x+2
dx

v=(x+ 2)3;% =3(x? +2) (2x) = 6x(x? + 2)f

dy (X +2 (2x+2)= (x* +2x+ 3px(x* + 2f
dx (x2+2)"

dy (x*+2f [(x2 + 2)(2x + 2)— (x2 + 2x + 3)px]
dx (x2 +2)6

dy  —4x°-10x* —14x+4

dx (x2 +2)4

X :1—30030;% =3sind
déo

y = 2sin a;ﬂ =2c0sd
do

dy _dy do

dx d@ dx
=2C0S O x —

3sind
:gcote
3

(i) y=x"+3,y=4x
x% +3 = 4x
x? —4x+3=0—(x-3)x-1)=0
x=3,x=1
P(L4) and Q(312)

(i) Area of shaded region

3
:J.(4x—x2—3)dx
1
2 3 3
=Pi_i_w}
2 3
=[§_£+9Hﬂ_1_3j
2 3 2 3
(18—9—9)—(2—1—3j:11
3 3

(i) I x(1— x) dx

U=1-x—du=-dx

—->x=1-u
we have —I(l—u)uzdu :I(u3 —u?Jdu
1, 1,
=-u'-Zud+c
4 3
1 1

=Z(1—x)4 —é(l—x)s +C

(i)  [[f(t)+g()t=[[5cost+4sint]dt

) 4 cos 5t
=5sint - +C

[ f(t)dt = [2costdt = 2sint +c,
—4cos5t

Ig(t)dt:I(4sin5t+3cost)dt = +3sint+c,



;If@ht+jgﬁht=55mt—gam5t+c=j[ﬂﬂ+gﬁﬂm

®) () p=2X+2r+ar =2x+r(2+7)
600 = 2x +r(2+ 1)
. 600 — 2x
2+

(ii) A= 2rx+%ﬂf2

600—2x) 1 (600-2x)
=2X +=7
2+ 2 2+

:1200x—4x2_ r
247 22+x)

dA 1200x —8x 27

—= - 600 —2

oS e v L

d’A -8 4r

(600 —2x)*

= + <0 — max
dx* 2+7 (2+7x)
‘;—A =0 — (2+ 7)1200—8x) - 22(600 — 2x) =0
X
2400—-16x —4x7r =0
= 2400 ~84m
16+4rx
(c) (i) y'=—XC0os X —sin X+ 2sin X+ A
= —XCO0S X +Sin X

y” = XSin X — COS X + COS X
= Xsin x
i)y Atx=0
1=-2+B
B=3

At X=1
6=2+7A+3—> A=

+ 3|k

i.e. y=—xsin x—2005x+1 3
11



