
Solutions to SBA Unit 2 Test 2 (2017) 

Question 1 

a) 𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = (4𝑛 + 1)                                 (1)       [1] 

b) 52 + 92 + 132 + 172 + ⋯ 

= ∑(4𝑛 + 1)2

𝑛

1

 

= ∑16𝑛2 + 8𝑛 + 1

𝑛

1

                                  (1) 

= 16∑𝑛2

𝑛

1

+ 8∑𝑛

𝑛

1

+ ∑1

𝑛

1

 

= 16 [
𝑛

6
(𝑛 + 1)(2𝑛 + 1)] (1) + 8 [

𝑛

2
(𝑛 + 1)] (1)

+ 𝑛(1) 

=
8𝑛

3
(𝑛 + 1)(2𝑛 + 1) + 4 𝑛(𝑛 + 1) + 𝑛 (1) 

=
8𝑛

3
(2𝑛2 + 3𝑛 + 1) + 4𝑛2 + 5𝑛               (1) 

=
1

3
𝑛[16𝑛2 + 24𝑛 + 8 + 12𝑛 + 15]          (1) 

=
1

3
𝑛(16𝑛2 + 36𝑛 + 23)                               (1)    [8] 

 

Question 2 

a) 𝑟 =
sin2𝑥

sin𝑥
                                                            (1) 

=
2𝑠𝑖𝑛 𝑥𝑐𝑜𝑠 𝑥

sin𝑥
                                              (1) 

= 2cos 𝑥                                                       (1)       [3] 

 

b) 𝑆∞ =
𝑎

1−𝑟
 

=
sin 𝑥

1 − 2 cos 𝑥
                                           (1)  

=
sin [cos−1 (

1
4)]

1 − 2 cos [cos−1 (
1
4)]

                       (1) 

=

√15
4

1 −
2
4

                                                     (1) 

=
√15

2
                                                        (1)        [4] 

 

Question 3 

a) 𝑓(𝑟 + 1) − 𝑓(𝑟) = (𝑟 + 1)! − 𝑟!                 (1) 

= 𝑟! (𝑟 + 1 − 1)        (1) 

= 𝑟 × 𝑟!                       (1)     [3] 

 

b)∑(𝑟 × 𝑟!)

𝑛

𝑟=1

= ∑(𝑟 + 1)! − 𝑟!

𝑛

𝑟=1

                (1) 

=

[
 
 
 
 
 
 
 
 

    2! − 1!
+3! − 2!
+4! − 3!
+5! − 4!.

.

.
+𝑛! − (𝑛 − 1)!
+(𝑛 + 1)! − 𝑛!]

 
 
 
 
 
 
 
 

                 

(1)

(1)

 

= (𝑛 + 1)! − 1!                        (1) 

= (𝑛 + 1)! − 1                          (1)           [5] 

 

Question 4 

a) 𝑦
𝑑2𝑦

𝑑𝑥2 + (
𝑑𝑦

𝑑𝑥
)
2
+ 𝑦 = 0 

𝑦
𝑑3𝑦

𝑑𝑥3
(1) +

𝑑2𝑦

𝑑𝑥2
(
𝑑𝑦

𝑑𝑥
) (1) + 2

𝑑𝑦

𝑑𝑥
(
𝑑2𝑦

𝑑𝑥2) (1)

+
𝑑𝑦

𝑑𝑥
(1) = 0 

𝑦
𝑑3𝑦

𝑑𝑥3
+ 3

𝑑2𝑦

𝑑𝑥2
(
𝑑𝑦

𝑑𝑥
) +

𝑑𝑦

𝑑𝑥
= 0  

1 

4 

x 

√15 



𝑑3𝑦

𝑑𝑥3
=

−3
𝑑2𝑦
𝑑𝑥2 (

𝑑𝑦
𝑑𝑥

) −
𝑑𝑦
𝑑𝑥

𝑦
                       (1)        [5] 

 

b) 𝑦
𝑑2𝑦

𝑑𝑥2 + (
𝑑𝑦

𝑑𝑥
)
2
+ 𝑦 = 0 

(1)
𝑑2𝑦

𝑑𝑥2
+ (1)2 + 1 = 0                            (1) 

𝑑2𝑦

𝑑𝑥2
= −2                                                      (1) 

 

𝑑3𝑦

𝑑𝑥3
=

−3
𝑑2𝑦
𝑑𝑥2 (

𝑑𝑦
𝑑𝑥

) −
𝑑𝑦
𝑑𝑥

𝑦
 

𝑑3𝑦

𝑑𝑥3
=

−3(−2)(1) − 1

1
                            (1) 

= 5                                                          (1) 

 

𝑦 = 1 + 𝑥 −
2

2!
𝑥2 +

5

3!
𝑥3                          (1) 

= 1 + 𝑥 − 𝑥2 +
5

6
𝑥3                               (1)         [6] 

 

 

Question 5 

a) (1 + 3𝑥)−1 =

1(1) + (−1)(3𝑥)(1) +
(−1)(−2)

2!
(3𝑥)2(1) +

(−1)(−2)(−3)

3!
(3𝑥)3(1) 

= 1 − 3𝑥 + 9𝑥2 − 27𝑥3(1)               [4] 

 

b) 
1+𝑥

1+3𝑥
= (1 + 𝑥)(1 + 3𝑥)−1 

= (1 + 𝑥)(1 − 3𝑥 + 9𝑥2 − 27𝑥3)               (1) 

= 1 − 3𝑥 + 9𝑥2 − 27𝑥3 + 𝑥 − 3𝑥2 + 9𝑥3  (1) 

= 1 − 2 𝑥 + 6 𝑥2 − 18 𝑥3                                 (1)   [3] 

 

c) 
1+𝑥

1+3𝑥
=

101

103
                                                         (1) 

103 + 103𝑥 = 101 + 303𝑥                          (1) 

200𝑥 = 2 

𝑥 =
1

100
                                                        (1) 

 

101

103
= 1 − 2(

1

100
) + 6 (

1

100
)
2

− 18(
1

100
)
3

(1) 

= 0.98058                                                        (1) [5] 

 

Question 6 

a) 2 solutions     (1)    [1] 

b) 𝑓(0) = 𝑒0 − 2cos 0 = −1                                 (1) 

𝑓(1) = 𝑒1 − 2cos 1 = 1.64 

 

The function is continuous (1) and there is a sign 

change (1) so by the IVT (1) there is a root α in the 

interval [0,1].     [4] 

 

c) 𝑓′(𝑥) = 𝑒𝑥 + 2 sin 𝑥                                     (1) 

𝑥2 = 0.5 −
𝑒0.5 − 2cos 0.5

𝑒0.5 + 2 sin0.5
                 

  (1)
(1)

 

= 0.54                                                   (1)   [4] 

 

d) 𝑎 = −2      𝑓(−2) = 0.967629    

𝑏 = −1     𝑓(−1) = −0.712725 

𝛽 =
𝑎𝑓(𝑏) − 𝑏𝑓(𝑎)

𝑓(𝑏) − 𝑓(𝑎)
                                         (1) 

=
−2(−0.712725) − (−1)(0.967629)

−0.712725 − 0.967629
     (1) 

= −1.42                                                              (1)   [3] 




