
Solution to SBA Unit 2 Test 1 
 
1. a) 𝑦3 + 3𝑦 = 𝑥3 

3𝑦2
𝑑𝑦

𝑑𝑥
+ 3

𝑑𝑦

𝑑𝑥
= 3𝑥2             (1) + (1) + (1)  

(3𝑦2 + 3)
𝑑𝑦

𝑑𝑥
= 3𝑥2                (1)  

𝑑𝑦

𝑑𝑥
=

3𝑥2

3𝑦2 + 3
 

𝑑𝑦

𝑑𝑥
=

𝑥2

𝑦2 + 1
 as required     (1)                              [5]  

 

(b) 𝑓𝑥(𝑥, 𝑦) = 𝑦𝑒𝑥𝑦                          (1) 

𝑓𝑥𝑦 = 𝑥𝑦𝑒𝑥𝑦 + 𝑒𝑥𝑦          (1) + (1)                        [3] 

 

(c) i) 
𝑑𝑥

𝑑𝑡
= 8 sin 𝑡 cos 𝑡                  (1)  

𝑑𝑦

𝑑𝑡
= −2 sin 𝑡                      (1)   

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
×

𝑑𝑡

𝑑𝑥
 

= −
2 sin 𝑡

8 sin 𝑡 cos 𝑡
              (1)  

= −
1

4 cos 𝑡
                          (1)                             [4] 

= −
1

4
sec 𝑡 

 

ii) 1 = 2 cos 𝑡                  (1)  

1

2
= cos 𝑡 

𝜋

3
= 𝑡                           (1)                                   [2]  

OR 

3 = 4𝑠𝑖𝑛2 𝑡                  (1)    

3

4
= sin2 𝑡 

√3

2
= sin 𝑡 

𝑡 =
𝜋

3
        (1) 

 

iii) 
𝑑𝑦

𝑑𝑥
= −

1

4 cos
𝜋
3

= −
1

2
          (1) 

gradient of normal = 2         (1)  

𝑦 = 𝑚𝑥 + 𝑐 

1 = 2(3) + 𝑐 

−5 = 𝑐                           (1)   

𝑦 = 2𝑥 − 5 as required                         [3]      

 

2. a)i) 
4𝑥

(3𝑥+1)(𝑥+1)2 =
𝐴

3𝑥+1
+

𝐵

𝑥+1
+

𝐶

(𝑥+1)2        

4𝑥 = 𝐴(𝑥 + 1)2 + 𝐵(𝑥 + 1)(3𝑥 + 1) + 𝐶(3𝑥 + 1)     (1)  

let 𝑥 = −1                  𝑙𝑒𝑡 𝑥 = −
1

3
 

−4 = −2𝐶                   −
4

3
=

4

9
𝐴 

2 = 𝐶   (1)                        − 3 = 𝐴               (1) 

 

Compare coefficients 𝑥2 

0 = 𝐴 + 3𝐵 

0 = −3 + 3𝐵 

1 = 𝐵                            (1) 

4𝑥

(3𝑥 + 1)(𝑥 + 1)2
= −

3

3𝑥 + 1
+

1

𝑥 + 1
+

2

(𝑥 + 1)2
(1)   [5] 

 

ii) ∫
4𝑥

(3𝑥 + 1)(𝑥 + 1)2

1

0

 𝑑𝑥 

= ∫ −
3

3𝑥 + 1
+

1

𝑥 + 1
+

2

(𝑥 + 1)2

1

0

 𝑑𝑥    

= [− ln(3𝑥 + 1) + ln(𝑥 + 1) −
2

𝑥 + 1
]

1

0
(1) + (1) + (1) 



= − ln 4 + ln 2 − 1 − (− ln 1 + ln 1 − 2)  (1) 

= −2 ln 2 + ln 2 + 1   

= 1 − ln 2  as required               (1)               [5] 

 

(b) i) 𝑥 = 𝑒𝑢 
𝑑𝑥

𝑑𝑢
= 𝑒𝑢 

𝑑𝑥 = 𝑒𝑢𝑑𝑢                            (1)  

 

∫
2 + ln 𝑥

𝑥2
 𝑑𝑥 

= ∫
2 + ln 𝑒𝑢

(𝑒𝑢)2
 𝑒𝑢𝑑𝑢                (1)  

= ∫
2 + 𝑢

𝑒𝑢
 𝑑𝑢                             

= ∫(2 + 𝑢)𝑒−𝑢  𝑑𝑢   as required      (1)       [3]  

 

 

 

ii) 𝑥 = 1             𝑢 = 0                         (1)  

𝑥 = 𝑒             𝑢 = 1                        (1)   

 

∫
2 + ln 𝑥

𝑥2

𝑒

1

 𝑑𝑥 

= ∫ (2 + 𝑢)𝑒−𝑢
1

0

 𝑑𝑢 

𝑢 = 2 + 𝑢      
𝑑𝑢

𝑑𝑥
= 1                 (1)  

𝑑𝑣

𝑑𝑥
= 𝑒−𝑢       𝑣 = −𝑒−𝑢            (1)  

 

 

∫ (2 + 𝑢)𝑒−𝑢
1

0

 𝑑𝑢 

= −[(2 + 𝑢)𝑒−𝑢]
1

0
+ ∫ 𝑒−𝑢

1

0

𝑑𝑢        (1)  

= −[(2 + 𝑢)𝑒−𝑢]
1

0
− [𝑒−𝑢]

1

0
            (1)  

= −[(2 + 1)𝑒−1 − (2 + 0)𝑒−0] − [𝑒−1 − 𝑒−0] 

= −3𝑒−1 + 2 − 𝑒−1 + 1                      

= −4𝑒−1 + 3                                         (1)      [7]  

 

 

(c) ℎ =
3−1

4
=

1

2
                            (1)  

 

𝑥 1 1.5 2 2.5 3 
𝑦 0.25 0.15686 0.09091 0.05369 0.03333 

 

∫
1

𝑥3 + 3

3

1

 𝑑𝑥 

=
1

2
(

1

2
) [0.25 + 0.03333

+ 2(0.15686 + 0.09091 + 0.05369)]   (1) 

= 0.222                 (1)                                               [3]  

 

3. (a) i) 𝑢 = 1 + 𝑖√3 

𝑟 = √12 + (√3)
2

= 2          (1) 

𝜃 = tan−1 √3

1
=

𝜋

3
                 (1) 

𝑢 = 2 (cos
𝜋

3
+ 𝑖𝑠𝑖𝑛

𝜋

3
)         (1)     [3]  

 

ii) 𝑢2 = 22 (cos (2 ×
𝜋

3
) + 𝑖𝑠𝑖𝑛 (2 ×

𝜋

3
)) (1) 

= 4 (cos 
2𝜋

3
+ 𝑖𝑠𝑖𝑛

2𝜋

3
)      (1)      [2] 

 

iii) 𝑧2 − 2𝑧 + 4 = 0 

𝑙𝑒𝑡 𝑧 = 𝑢 

𝑢2 − 2𝑢 + 4 

= 4 (cos 
2𝜋

3
+ 𝑖𝑠𝑖𝑛

2𝜋

3
) − 2 [2 (cos

𝜋

3
+ 𝑖𝑠𝑖𝑛

𝜋

3
)]

+ 4                                       (1)  

= 4 (cos 
2𝜋

3
+ 𝑖𝑠𝑖𝑛

2𝜋

3
) − 4 (cos

𝜋

3
+ 𝑖𝑠𝑖𝑛

𝜋

3
) + 4 

= −2 + 2√3 − 2 − 2√3 + 4                       

= 0 

Therefore u is a root of 𝑧2 − 2𝑧 + 4 = 0. (1) 

 

OR 

𝑧2 − 2𝑧 + 4 = 0 

𝑧 =
−(−2) ± √(−2)2 − 4(1)(4)

2(1)
        (1)  



𝑧 =
2 ± √−12

2
 

𝑧 =
2 ± 2√3𝑖

2
                  

 

𝑧 = −√3 𝑖 + 1 or 𝑧 = 1 + √3 𝑖 

Therefore u is a root of 𝑧2 − 2𝑧 + 4 = 0. (1)     [2] 

 

iv) 𝑂𝑡ℎ𝑒𝑟 𝑟𝑜𝑜𝑡 𝑢∗ = 1 − 𝑖√3          (1)          [1]   

 

(b) i) |𝑧 + 1 + 2𝑖|  =  √2|𝑧 −  1 | 

|𝑥 + 𝑖𝑦 + 1 +  2𝑖|  =  √2|𝑥 + 𝑖𝑦 − 1 |  (1)  

|(𝑥 + 1) + (𝑦 + 2)𝑖|  = √2|(𝑥 −  1) + 𝑖𝑦| 

(𝑥 + 1)2 + (𝑦 + 2)2 = 2[(𝑥 − 1)2 + 𝑦2] (1)  

𝑥2 + 2𝑥 + 1 + 𝑦2 + 4𝑦 + 4 = 2𝑥2 − 4𝑥 + 2 + 2𝑦2 

𝑥2 − 6𝑥 + 𝑦2 − 4𝑦 − 3 = 0                       (1)   

(𝑥 − 3)2 − 9 + (𝑦 − 2)2 − 4 = 3         (1)   

(𝑥 − 3)2 + (𝑦 − 2)2 = 16                     (1)  

 

Therefore P is a circle with 𝐶(3, 2)  (1)  and   𝑟 =

4       (1)                                                             [7]   

 

 

 

ii) tan[arg(𝑧 + 1)]  = 1 

arg(𝑧 +  1) = tan−1 1 

arg(𝑧 + 1) =
𝜋

4
                           

 

Circle with Centre (3, 2) (1) Radius = 4   (1)     

  Line with angle 45°  (1)Starting point (−1, 0)(1)  

[4] 

iii) shading inside the circle  and above the line (1) 

[1] 

 


