
Solution to Unit 2 Test 1 (2015) 

1. (a) 𝑀 = 900 −
1500

3(3)+2
= 764 𝑡𝑜𝑛𝑛𝑒𝑠 (1) 

𝑀 =  900 −
1500

2 + 5 ln(3 + 1)
 

= 732 tonnes                                 (1)   [2]  

 

 

(b) 𝑀 = 900 −
1500

3𝑡 + 2
 

𝑀 = 900 − 1500(3𝑡 + 2)−1 

𝑑𝑀

𝑑𝑡
= 1500(3𝑡 + 2)−2(1) × 3(1) 

=
4500

(3𝑡 + 2)2
(1) 

𝑊ℎ𝑒𝑛 𝑡 = 3 

𝑑𝑀

𝑑𝑡
=

4500

(3(3) + 2)2
 

= 37.2 𝑡𝑜𝑛𝑛𝑒𝑠/𝑦𝑒𝑎𝑟(1) 

𝑀 =  900 −
1500

2 + 5 ln(𝑡 + 1)
 

𝑀 =  900 − 1500(2 + 5 ln(𝑡 + 1))−1 
𝑑𝑀

𝑑𝑡
= 1500(2 + 5 ln(𝑡 + 1))−2(1) ×

5

𝑡 + 1
(1) 

=
7500

(𝑡 + 1)(2 + 5 ln(𝑡 + 1))2
(1) 

𝑊ℎ𝑒𝑛 𝑡 = 3 

𝑑𝑀

𝑑𝑡
=

7500

(3 + 1)(2 + 5 ln(3 + 1))2
 

= 23.5 𝑡𝑜𝑛𝑛𝑒𝑠/𝑦𝑒𝑎𝑟(1)                    [8] 

 

2. (i) 𝑢(𝑥, 𝑡) = 𝑒−𝑘2𝑡 sin 𝑥 

𝜕𝑢

𝜕𝑡
= −𝑘2𝑒−𝑘2𝑡 sin 𝑥     (1)                     [1] 

 

 

(ii) 
𝜕𝑢

𝜕𝑥
= 𝑒−𝑘2𝑡 cos 𝑥             (1) 

𝜕2𝑢

𝜕𝑥2
= −𝑒−𝑘2𝑡 sin 𝑥        (1)                    [2] 

(b) 
𝜕𝑢

𝜕𝑡
= 𝑘2

𝜕2𝑢

𝜕𝑥2
 

−𝑘2𝑒−𝑘2𝑡 sin 𝑥 = 𝑘2 × −𝑒−𝑘2𝑡 sin 𝑥 (1) 

 

Yes the experimental equation satisfies the 

theoretical equation                   (1)          [2] 

 

 

3. (a) 
𝑑(𝑥𝑡𝑎𝑛−1𝑥)

𝑑𝑥
= 𝑥 ×

1

1+𝑥2
(1) + tan−1 𝑥 (1) 

𝑑(𝑥𝑡𝑎𝑛−1𝑥)

𝑑𝑥
=

𝑥

1 + 𝑥2
+ tan−1 𝑥 (1)  [3] 

 

 

(b) ∫ tan−1 𝑥
1

0

= ∫
𝑑(𝑥𝑡𝑎𝑛−1𝑥)

𝑑𝑥

1

0

− ∫
𝑥

1 + 𝑥2

1

0

(1) 

= [𝑥𝑡𝑎𝑛−1𝑥]
1

0
(1) − [

1

2
ln(1 + 𝑥2)]

1

0
(1) 

 

= [tan−1 1 − 0] − [
1

2
ln 2 −

1

2
ln 1] (1) 

=
𝜋

4
−

1

2
ln 2 (1) 

=
𝜋

4
− ln 2

1
2 

=
𝜋

4
− ln √2    𝑎𝑠 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑(1)               [6] 

 

 

4. (a) 

x 0 
𝜋

8
 

𝜋

4
 

3𝜋

8
 

𝜋

2
 

[2] 

y 0 0.73508(1) 1.17157 1.02280(1) 0 

 

(b) ℎ =

𝜋
2 − 0

4
=

𝜋

8
(1) 

∫
2 sin 2𝑥

1 + cos 𝑥

𝜋
2

0

 𝑑𝑥 

 

=

𝜋
8
2

[0 + 0 + 2(0.73508 + 1.17157 + 1.02280)](1) 

= 1.1504                                   (1)                    [3] 

 

 

(c) 𝑢 = 1 + cos 𝑥 

𝑑𝑢

𝑑𝑥
= − sin 𝑥                     (1) 

𝑑𝑥 =
𝑑𝑢

− sin 𝑥
 



 

cos 𝑥 = 𝑢 − 1 

 

∫
2 sin 2𝑥

1 + cos 𝑥
  𝑑𝑥 = ∫

2 sin 2𝑥

𝑢
 

𝑑𝑢

− sin 𝑥
(1) 

 

= ∫
4 sin 𝑥 cos 𝑥

𝑢
 

𝑑𝑢

− sin 𝑥
(1) 

 

= − ∫
4 cos 𝑥

𝑢
 𝑑𝑢 

 

= − ∫
4(𝑢 − 1)

𝑢
 𝑑𝑢(1) 

= −4 ∫ 1 −
1

𝑢
  𝑑𝑢 

= −4(𝑢 − ln 𝑢)(1) 

= −4𝑢 + 4 ln 𝑢 

= −4(1 + cos 𝑥) + 4 ln(1 + cos 𝑥) 

= 4 ln(1 + cos 𝑥) − 4 cos 𝑥 − 4

+ 𝑐  as required(1)       [6] 

 

 

(d) ∫
2 sin 2𝑥

1 + cos 𝑥

𝜋
2

0

  𝑑𝑥 

= [4 ln(1 + cos 𝑥) − 4 cos 𝑥 − 4]

𝜋
2
0

 

= [4 ln (1 + cos
𝜋

2
) − 4 cos

𝜋

2
− 4]

− [4 ln(1 + cos 0) − 4 cos 0 − 4](1) 

 

= 0 − 0 − 4 − 4 ln 2 + 4 + 4 

= 4 − 4 ln 2 (1)                                              [2] 

 

 

(e) Difference = 4 − 4 ln 2 − 1.1504 

= 0.077(1)                             [1] 

 

 

 

5. (a) (cos 𝜃 + 𝑖𝑠𝑖𝑛 𝜃)4 = cos 4𝜃 + 𝑖𝑠𝑖𝑛 4𝜃(1) 

(cos 𝜃 + 𝑖𝑠𝑖𝑛 𝜃)4 

= cos4 𝜃 + 4 cos3 𝜃 (𝑖𝑠𝑖𝑛 𝜃) + 6 cos2 𝜃 (𝑖𝑠𝑖𝑛 𝜃)3

+ 4 cos 𝜃 (𝑖𝑠𝑖𝑛 𝜃)4 + (𝑖𝑠𝑖𝑛 𝜃)4(1) 

= cos4 𝜃 + 4𝑖 cos3 𝜃 𝑠𝑖𝑛 𝜃 − 6 cos2 𝜃 sin2 𝜃

− 4𝑖 cos 𝜃 sin3 𝜃 + sin4 𝜃 (1) 

 

𝑠𝑖𝑛 4𝜃 = 4 cos3 𝜃 𝑠𝑖𝑛 𝜃 − 4 cos 𝜃 sin3 𝜃  as required(1) [4] 

 

(b)(i) |𝑧1 + 𝑧2| = |2 + 3𝑖 + 3 + 2𝑖| 

= |5 + 5𝑖|       (1) 

= √52 + 52    (1) 

= √50              (1) 

= 5√2               (1)                [4] 
 

 

(ii) 𝑤 =
𝑧1𝑧3

𝑧2
 

=
(2 + 3𝑖)(𝑎 + 𝑏𝑖)

3 + 2𝑖
                          (1) 

=
2𝑎 + 2𝑏𝑖 + 3𝑎𝑖 + 3𝑏𝑖2

3 + 2𝑖
              (1) 

 

=
2𝑎 + 2𝑏𝑖 + 3𝑎𝑖 − 3𝑏

3 + 2𝑖
×

3 − 2𝑖

3 − 2𝑖
(1) 

=
6𝑎 + 6𝑏𝑖 + 9𝑎𝑖 − 9𝑏 − 4𝑎𝑖 + 4𝑏 + 6𝑎 + 6𝑏𝑖

9 + 4
(1) 

 

=
12𝑎 − 5𝑏 + 5𝑎𝑖 + 12𝑏𝑖

13
                (1) 

 

=
12𝑎 − 5𝑏

13
+

5𝑎 + 12𝑏

13
𝑖                  (1)              [6] 

 

 

(iii) 
12𝑎 − 5𝑏

13
+

5𝑎 + 12𝑏

13
𝑖 =

17

13
−

7

13
𝑖 

 

12𝑎 − 5𝑏

13
=

17

13
 (1)                 

5𝑎 + 12𝑏

13
= −

7

13
(1) 

 
12𝑎 − 5𝑏 = 17                      5𝑎 + 12𝑏 = −7 

 

60𝑎 − 25𝑏 = 85        (1) 

60𝑎 + 144𝑏 = −84   (1) 

−169𝑏 = 169 

𝑏 = −1                          (1) 

12𝑎 + 5 = 17 

𝑎 = 1                               (1)                         [6] 

 

(iv) arg 𝑤 = tan−1 (
−

7
13

17
13

) 

 

= tan−1 (−
7

17
)     (1) 

= −0.391 𝑟𝑎𝑑𝑠       (1)                         [2] 

 


