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1. a) In the expansion of (3 + 𝑝𝑥)6, the coefficient of 𝑥3 is thirty times the coefficient of the 𝑥5 term. Find 

the possible values of 𝑝.   

             [5 marks] 

[𝑝 = ±1] 

 

b) i) Expand √(1 − 2𝑥)4
 in ascending powers of 𝑥 up to and including the term in 𝑥3 and state the values of 

𝑥 for which the expansion is valid.  

             [5 marks] 

[1 −
1

2
𝑥 −

3

8
𝑥2 −

7

16
𝑥3          𝑣𝑎𝑙𝑖𝑑 𝑓𝑜𝑟 −

1

2
< 𝑥 <

1

2
] 

 

ii) Use your expansion from i) to find an approximation for √0.998
4

 to 6 decimal places.  

             [3 marks] 

[0.999500] 

            Total 13 marks 

 

2. Find the Taylor series expansion for 𝑓(𝑥) = √8 + 𝑒𝑥 𝑎𝑏𝑜𝑢𝑡 𝑎 = 0, 𝑥 ∈ ℝ, in ascending powers of 𝑥, up 

to and including the term in 𝑥2. Express each coefficient in its simplest form.  

             [8 marks] 

[3 +
1

6
𝑥 +

17

216
𝑥2 + ⋯ ] 



3. A sequence is defined by 

𝑢1 =
3

4
    𝑎𝑛𝑑   𝑢𝑛+1 =

3

4 − 𝑢𝑛
 𝑓𝑜𝑟 𝑛 = 1, 2, 3, … 

i) Calculate 𝑢2.   

             [2 marks] 

[
12

13
] 

 

ii) Prove by mathematical induction that, for 𝑛 ≥ 1, 

𝑢𝑛 =
3𝑛+1 − 3

3𝑛+1 − 1
 

[8 marks] 

            Total 10 marks 

 

4. i) Show that  

1

𝑟
−

1

𝑟 + 2
≡

2

𝑟(𝑟 + 2)
 

             [2 marks] 

ii) Hence find an expression, in terms of 𝑛, for 

∑
2

𝑟(𝑟 + 2)

𝑛

𝑟=1

 

             [6 marks] 

3

2
−

1

𝑛 + 1
−

1

𝑛 + 2
 

 

iii) Find the value of 𝑁, given that 

∑
2

𝑟(𝑟 + 2)
=

13

42

∞

𝑟=𝑁+1

 



             [6 marks] 

            Total 14 marks 

 

5. a) i) Show that the equation 

2𝑥5 + 𝑥3 − 1 = 0 

 has a root between 0 and 1.   

[3 marks] 

 

ii) Use linear interpolation once, starting with the interval in a) i), to give an approximate value of this 

root. 

[2 marks] 

[
1

3
] 

 

 b) It is known that the function 

𝑓(𝑥) = sin 𝑥 − ln 𝑥 

 has a root 𝛼 in the interval [2.2 , 2.3]. 

i) Find 𝑓′(𝑥).  

[2 marks] 

[cos 𝑥 −
1

𝑥
] 

 

i) Using 𝑥0 = 2.3 as a first approximation to 𝛼, apply the Newton-Raphson procedure twice to 𝑓(𝑥) to 

find a third approximation to 𝛼, giving your answer to 3 decimal places.   

[7 marks] 

[𝑥2 = 2.219] 

Total 14 marks 


