
CAPE UNIT I, Test 3, 2020, Preview 

 

1. a) Determine 

lim
𝑥→−2

𝑥+2

2𝑥3−8𝑥
           [4] 

 

b) Differentiate 𝑓(𝑥) = 𝑥2 + 5𝑥 − 7, using first principles.      [6] 

 

c) The function 𝑓(𝑥) is defined by 𝑓(𝑥) = { 𝑥3 𝑥 ≤ 2
𝑎𝑥2 𝑥 > 2

} 

Find i) lim
𝑥→2−

𝑓(𝑥)           [1] 

       ii) the value of 𝑎 for which the function 𝑓(𝑥) is continuous     [3] 

           Total 14 marks 

 

2. A curve 𝐶 has equation  

𝑦 =
𝑥2

𝑥 + 2
, 𝑥 ≠ −2 

 The point 𝑃 on 𝐶 has 𝑥-coordinate 2. Find an equation of the normal to the curve 𝐶 at 𝑃 in the form 

 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, where 𝑎, 𝑏 and 𝑐 are integers.       [7] 

            Total 7 marks 

 

3. A curve has equation 

𝑦 =
𝑥

1 + 𝑥2
. 

a) Use calculus to find the coordinates of the turning points of the curve.    [5] 

b) Show that 

𝑑2𝑦

𝑑𝑥2
=

2𝑥(𝑥2 − 3)

(1 + 𝑥2)3
 

              [4] 

 c) Determine the nature of each of the turning points.       [4] 

              Total 13 marks 

 

 

 

 



4. The figure below shows a metal cube which is expanding uniformly as it is heated. At time 𝑡 seconds, the 

length of each edge of the cube is 2𝑥 𝑐𝑚, and the volume of the cube is 𝑉 𝑐𝑚3. 

 

              

                                                    

a) Show that 
𝑑𝑉

𝑑𝑥
= 24𝑥2          [1] 

b) Given that the volume, 𝑉 𝑐𝑚3, increases at a constant rate of 0.144 𝑐𝑚3𝑠−1, find 

i) 
𝑑𝑥

𝑑𝑡
, when 𝑥 = 2          [3] 

ii) The rate of increase of the total surface area, 𝐴, of the cube, in 𝑐𝑚2𝑠−1, when 𝑥 = 2. [4] 

Total 8 marks 

 

 

5. a) Use calculus to find the value of 

∫ (
2𝑥5 − 3𝑥4 + 2𝑥3

𝑥2
)

1

−1

𝑑𝑥 

              [5] 

 

b) Find the value of 𝑘 if ∫ (𝑥 + 4)2𝑑𝑥 =
64

3
.

0

𝑘
       [5] 

            Total 10 marks 

 

6 a) By using the substitution 𝑈 = 𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥, show that 

∫(𝑠𝑖𝑛𝑥 − 𝑐𝑜𝑠𝑥) (𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥)7𝑑𝑥 = −
1

8
(𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥)8 + 𝑐 

              [5] 

 b) Hence, find the EXACT value of  

∫ (𝑠𝑖𝑛𝑥 − 𝑐𝑜𝑠𝑥)

𝜋
4

0

(𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥)7𝑑𝑥 

              [4] 

2𝑥 

2𝑥 

2𝑥 



            Total 9 marks 

 

Answers 

 

1. a) 
1

16
  b) 2𝑥 + 5  c) i) 8  ii)𝑎 = 2 

2. 4𝑥 + 3𝑦 − 11 = 0 

3. a) (1,
1

2
) 𝑎𝑛𝑑 (−1, −

1

2
)  b) Proof c) 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 (1,

1

2
) 𝑎𝑛𝑑 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 (−1, −

1

2
) 

4. a) Proof  b) i) 0.0015 𝑐𝑚𝑠−1  ii) 0.144 𝑐𝑚𝑠−1 

5. a)−2   b) 𝑘 = −4 

6. a) Proof b) −
15

8
 

 

 

 

 

 

 

 




