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CAPE 2019

1. (a) Let4x?+3xy?2+7x+3y =0

(i) Use implicit differentiation to show that

dy  8x+3y’+7
dx  3(1+2xy)
[5]
(ii) Show that for f(x,y) = 4x? + 3xy? + 7x + 3y
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(b) Use de Moivre’s theorem to prove that sin 5x = 16 sin® x — 20 sin® x + 5sin x. [6]
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(c¢) (i) Write the complex number z = (—1 + \/§i)7 in the formre'®, wherer|z| and § = argz.  [3]

(i) Hence, prove that (—1 + /3 i)7 = 64(—1+3i). [6]
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2. (a) LetF,(x) = [(Inx)" dx

(i) Show thatF,(x) = x(Inx)™ — nF,_; (x). [3]
(ii) Hence, or otherwise, show that F;(2) — F3(1) = 2(In 2)® — 6(In2)? + 12In 2 — 6. [7]
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b) (i) B ing L2t tial fractions, show that
(b) (1) y expressing -5-="5"— as partial fractions, show tha
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3. (a) Determine the coefficient of the term in x3 in the binomial expansion of (3x + 2)°. [3]
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1 1
(b) (i) Show that the binomial expansion of (1 + x)# + (1 — x)% up to the term in x? is 2 — %xz. [4]

(ii) Hence, by letting x = %, compute an approximation of Y17 + /15, correct to 4 decimal

places : [3]
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(¢) The function h(x) = x3 + x — 1 is defined on the interval [0, 1].
(i) Show that h(x) = 0 has a root on the interval [0, 1]. [3]

(i) Use theiteration X,;41 = ﬁwith initial estimate x, = 0.7 to estimate the root of h(x) =
0, correct to 2 decimal places. [6]
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(d) Use the Newton - Raphson method with initial estimate x, = 5.5 to approximate the root of

g(x) = sin3x in the interval [5, 6], correct to 2 decimal places. [6]
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4. (a) Afunction is defined as g(x) = x sin (g)
(i) Obtain the Maclaurin series expansion for g up to the term in x*.

(i) Hence, estimate g(2).
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(b) Aseriesis givenas 2 +%+§+%+

(i) Express the nth partial sum S,, of the series using sigma notation.

(ii) Hence, calculate S,, — S;3,
(iii) Given that 2%_; % converges, show that S,, diverges.
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(c¢) Use the method of induction to prove that

n

Zr(r_ 1) :n(n 3_ 1)

Pn :Z; r[r-,): ﬂ(n?'—l) r= .
' 3
?j_‘ ;(J-i) ::[,1‘_,)
3
b =0
"P; VS et

A sspmt Pn IS trwae Eof' all n=lc
P % (=) = 1c_(_kil)_

r=,

3 S .
.g.nr[r—f):(.’ﬂ.-)((}({,l —!! - [H‘h!(li +Z!'<+z-|)
2

[Ty N

['C*")(;zl-r?_!c)
3

[}

NDN; ]?J(.r' - P,JC. +(|C%.‘)+er,~1

- k(kz"') ¥ L]t-} ')[’(‘I'-‘"l)

2
= k(lclul) 230 Uch)
E 2
- Jc(kzel)u!c(!u—r)
3
:_jiglc‘“)(k-f)+3k(l~:+r)

= (k-}‘ .’)[k—(!f-l) + 3.’1:]
3
:Qc+ :)( 1o e Ic+3d

kS

= (ks ,')(38 *Uc)

2
"‘?Ju, 1S fent whineve 7’,4 s true.

n A
Hence by Mathomabical lnouction ré__’r(r#:):if;_-’),




5. (a) (i) How many numbers made up of 5 digits can be made from the digits 1, 2, 3,4, 5, 6, 7, 8,9, if
each number contains exactly one even digit and no digit is repeated? [4]

(ii) Determine the probability that the number formed in (a) (i) is less than 30 000. [4]
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(b) A and B are two matrices given below.

2 x -1 1 2 5
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(i) Determine the value of x for which A~ does NOT exist. [4]
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(i) Given thatdet(AB) = —10, show thatx = 2.
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(¢) Inan experiment, individuals were asked to select from two available colours, green and blue.
The individuals selected one colour, two colours or no colour.
70% of the individuals selected at least one colour and 600 individuals selected no colour.
(i) Given that 40% of the individuals selected green and 50% selected blue, calculate the
probability that an individual selected BOTH colours. [3]

(ii) Determine the total number of individuals who participated in the experiment. [2]
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6. (a) Adifferential equation is given as

Yoo
xdx y =2sinx

(i) Show that the general solution of the differential equationis y = i - )Z—Ccos x, where cis a
constant. [5]

(ii) Hence, determine the particular solution of the differential equation that satisfies the

conditiony = 2 when x = m. [3]
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(b) Show that the general solution of the differential equation Z—z = % isy =ki/(x —2)(x + 2)3

where k is a constant.
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(c) Solve the boundary - value problem y"" — y' — 2y = 0, given that when x = —1,y = 1 and when

x=1,y=0.
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