CAPE UNIT 2 (2018)

QUESTION 1
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(a) (i)

Equation of tangent
y=mx+c

: =5 (1) +c

2 2

—-2=c



y=5x—2
Therefore y intercept is —2.
At x intercepty = 0

0=5x—-2

2
gzx —  Xx intercept

(b)

f(x,y) = sin(kx) sin(aky)

9T _ k sin(aky) cos(kx)
6x_ Slnaycosx

o _ k? cos(kx) cos(aky)
axay_a cos(kx) cos(aky
©

Whenn =5

cos 58 + isin 56

= (cos @ + isin H)°

=1cos®0 + 5cos* 6 (i sin@) + 10 cos® 6 (i sin 8)? + 10cos? 8 (i sin 6)3 + 5cos @ (i sin 8)* + 1(i sin 6)°
= cos® 6 + 5i cos* O sinf — 10 cos® O sin? § — 10i cos? O sin® 6 + 5 cos O sin*  + i sin® O

Equating Imaginary Parts

sin56 = 5cos* 0 sin@ — 10 cos? 6 sin® 6 + sin® 0

(d)
() z=1-1i

2l = 12+ (-1)? =2

_ 4 _1(1>_ T
argz = —tan 1)= "2

z= \/Ee_%i
(i) (1—10)° = (\/ie‘f")9

= (Ve



The principal argument -7 < 6 <7
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TT T Tttty
— 16v2e 7
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QUESTION 2
@ M

f x5 cos(x3) dx

Lett = x3
dt
— = 3x2
dx x
dt
3
1
fxs cos(x®) dx = fxs cost(—) dt
3x2

—1ft t dt
=3 | teos

Using integration by parts
u=t - du=1

dv=cost - v=sint

1ft tdt—l[t't ft]
3 | teos =3|¢sin sin

1
=§[tsint+cost]

fxs cos(x3) dx = % [x3 sin(x3) + cos(x3)]
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VI—em
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By recognition this corresponds to



u’ sa—1 2x ! 2x
du =sin"" u where u =e“*andu’ = 2e

V1 —u?

f er p lf ZeZX 4
Y| ——=dx =7 | ———=dx
V1 —et* 2 1 — (e?x)?

1
in—1 ,2x
==sin""e“" +¢c¢
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(b) (1)
x*+1 A Bx+C Dx+E

——=—+ +
x(x2+1)2 x x2+1  (x2+1)?

x*+1=AK?+1)?>+ (Bx+C)(x* + Dx + (Dx + E)x
= Ax*+ 2Ax* + A+ Bx* + Cx® + Bx?* + Cx + Dx* + Ex
=(A+B)x*+Cx*+(2A+B+D)x>*+(C+E)x+ A

Equating constants

1=4

Equating coefficients of x*

1=A+8B

0=B

Equating coefficients of x>

0=C

Equating coefficients of x?

0=2A+B+D

—2=D

Equating coefficients of x

0=C+E
0=FE

x*+1 1
x(x2+ 12 x  (x241)2
(b) (i)

fx4+1 d—fld f 2x p
x(x? 4+ 1)2 x= x x (x? 4+ 1)2 x

1
J; dx — J 2x(x? +1)72 dx



xZ+ 1)t
=lnx—¥+c

=lnx+ +c

x2+1

QUESTION 3
@ ®

az = ’2+m

(a) (i)

Pia, <ayy anda, <3

PART 1 - Proving thata,, < 3
Pi:a; =vV2<3

Therefore P; is true.

Assume P, is true forn =k

Pera, <3

Pry1i Q1 <3

Now

A1 = m

Assuming a, = 3thenay,; =vV2+3 =+5
Since V5 < 3and a; < 3, a,4; < 3

Therefore Py, is true V P, is true.

PART 2 - Proving that a, < a,;41

a1=\/§

Therefore, P, is true.



Assume P, is true forn = k
Pk: ak < ak+1
Pry1i Qyr < Qs

Now
Arv1 =2+ ay
Qg2 = /2 + Qpeyq

Since a;, < Apy1, Qpgz < Araq
Therefore P, is true whenever P; is true

Hence by Mathematical Induction a,, < a,,; and a, < 3 foralln € N.

() @

f=e™ - f0)=e"=1

f'@) =-2xe™ - f(0)=0

f'(x) = —2e7 + (=2x)(—2xe™*") = —2¢7* + 4x2e™* - f"(0) = -2
F(x) = 4xe™ +8xe™ +4x?(—2xe ") = 12xe™" —8x3e ¥ - f"(0) =0

fml(x) — 1Ze—x2 + 12x(_2xe—x2) — 24xze_x2 - 8x3(—2xe_x2) d f””(O) =12

2 12 1
fx) = 1—5x2+ax4~ 1—x2+5x4

X 1\k,2k _A4Y0,0  (_1Y1,.2 1244
f(x)zz( 1])dx =(1)x+( 1)x+( 1)x+
k=0

0! 1! 2!
1
=1- 2 P 3
X +2x
(b) (ii)
_ (_1)kx2k _ (_1)k+1(x2k+2)
Letu, = o ,then uy, = e

Series is valid

Uk+1
Uy

lim

k—oo




Wy | (CDMIGEED)  j (—Da?

= X =

Uy (k+1)! (—Dkx2k (kK +1)
2

li - 1

= )

0<1

Since this is true for all values of x, the series is valid for all values of x.

©

Whenn =1: sin(1) — sin (%)
Whenn = 2: sin (%) —sin (%)

Whenn = 3: sin G) — sin G)

[N

Whenn =n—1: sin (—) — sin (%)

n-1

=sin(515)
Z (Si“ (%) ~sin (n 1 1)) = sin(1) = sin <n 1 1)

lim (sin(l) — sin( ! 1)) = sin(1) —sin(0) = sin 1

n—oo

N—r

. (1
Whenn = n: sin (—
n

—+

S
+

QUESTION 4
@

8
Coefficient of x7 of (xz - E)
X

-G (-)

= 56x1° (— 2—7)

x3

3

= —1512x7

Coefficient is —1512




(b)
nCr + " r—1

n! n!
T (-0l * (n—@-D) -1

n! n!
z(n—r)!r!+(n—r+1)!(r—1)!

n! n!
- n—=—r)'r@r-1) + m-r+1Dn-r)!E-1)!

_ nn—r+1) nlr
_(n—r+1)(n—r)!r(r—1)!+(n—r+1)(n—r)!r(r—1)!

_ nn—-r+1)+nlr
T m=r+DMm=-r)r@r-1)!

_nl(n—-r+1+7)
T (m=r+ D!

_ (n+ 1)
T (n41=-n)r!

_ n+1C
- r

©@®)
Let f(x) = 4cosx — x> + 2
£(1) = 3.16121

£(1.5) = —1.09205

f(x) is continuous on the interval [1, 1.5].

FO) X f(15) <0

By the Intermediate Value Theorem there must be some ¢ € [1, 1.5] such that f(c) = 0. Therefore, there is a
root between 1 and 1.5.

(o) (iD)
15—a 1.09205
a—1  3.16121

4.74182 — 3.16121a = 1.09205a — 1.09205

5.83387 = 4.25326«

1.3716 = «



f(1.3716) = 4 cos(1.3716) — (1.3716)3 + 2 = 0.21115
Root is now between 1.3716 and 1.5

15—a 109205
a—13716 0.21115

0.21115(1.5 — &) = 1.09205(a — 1.3716)
0.316725 — 0.21115a = 1.09205a — 1.49786
1.814585 = 1.3032a

13924 =qa

(1.3924) = 4 cos(1.3924) — (1.3924)3 + 2 = 0.0103
f

Root is now between 1.3924 and 1.5

15—a 109205
a— 13924 0.0103

0.0103(1.5 — @) = 1.09205(a — 1.3924)
0.01545 — 0.0103a = 1.09205a — 1.5206
1.53605 = 1.1024a

13934 =a

Since the last two approximations, correct to 2 decimal places, are both 1.39. The root is approximately 1.39.

(d) Letf(x) =3e*+2Inx -1

! _3x 2
f'(x) =3e +;

x1 = 02
3¢%2 +21n(0.2) — 1
X, =0.2— 5 = 0.2406
3e0:2 + W
QUESTION 5

(@) (i) P(AUB) = P(A) + P(B) — P(ANB)
0.68 = 0.4 + 0.45 — P(AN B)
P(ANB) = 0.85— 0.68 = 0.17

If A and B are independent events P(A) X P(B) = P(ANB)



(ii) P(A) x P(B) = 0.4 x 0.45 = 0.18
P(ANB) =0.17

Therefore A and B are NOT independent.

(b) CASE 1: Mr Smith is on the committee, his wife is on the committee and 2 persons from the remaining 6
éc, =15
CASE 2: Mrs Smith is on the committee but not Mr Smith and 3 persons from the remaining 6
8¢, =20
CASE 3: Neither Mr nor Mrs Smith is on the committee and 4 persons chosen from the remaining 6
éc, = 15

Number of committees is 15 + 20 + 15 = 50

(c¢) The number has to begin with 5, 6 or 7 and end with 3,5 or 7
CASE 1: The number begins with 5 or 7
2 options for the first digit
4 options for the second digit
3 options for the third digit
2 options for the fourth digit
1 option for the fifth digit
2 options for the last digit!
2X4!x2=96
CASE 2: The number begins with 6
1 option for the first digit
4 options for the second digit
3 options for the third digit
2 options for the fourth digit
1 option for the fifth digit
3 options for the last digit!
41x3 =72

Total number of numbers is 96 + 72 = 168



5 -2 3\/18 12 -1 88 0
(d) (i)AB=<0 3 —4)(—8 24 20>=<0 88
2 0 6/\-6 -4 15 0 0

AB = 88I

A[lB]—I
88 |

At=1p
88

(d) (i)

5 -2 3 X 7

0 3 —4 <y>= 11

2 0 6/\z2 \-6

) 1(18 12 —1)(7)
——(-8 24 20]|(11
88\_6 -4 15/\-6

X
y
z

(
;
(

0

88

QUESTION 6
@

(1) y'cosx = ysinx + sin2x
y' cosx — ysinx = sin 2x

This is an EXACT differential equation

fy’cosx—ysinx=fsin2x dx

1

yCcosx = —Ec052x+c
2cos?x —1

Yy Ccosx = —f+6

1
ycosx=5—coszx+C

1 c
= — Ccosx +
2cosx CcOS X

y



1
y =gsecx —cosx + Csecx

(i) y(0) =0

0= %sec(O) — cos(0) + C sec(0)

1
0=-(1)-14C
2
C_1
2
1 +1
y—zsecx COS Xx Zsecx

y =secx —Ccosx

() () y"+2y' +y=xe™

Auxiliary equation

u?+2u+1=0

u+1)?2=0

u=-1,-1

y=e*(Cx + D)

(ii) Lety = (Ax® + Bx%)e™™
y' = (3Ax? + 2Bx)e™* — (Ax3 + Bx?)e™™
y'" = (6A4x + 2B)e™* — (3Ax% + 2Bx)e™* — (3Ax? + 2Bx)e™* + (Ax% + Bx?)e™™
Substituting these expressions into y" + 2y’ +y = xe™
(6Ax + 2B)e ™ — (3Ax% + 2Bx)e ™ — (3Ax? + 2Bx)e ™ + (Ax3 + Bx®)e™™

+2((3Ax? + 2Bx)e™ — (Ax® + Bx?)e™) + (Ax® + Bx?)e™ = xe ™

Equating e™ terms
2Be™* =0e7*
—->B=0

Equating xe ™ terms

(A — 2B — 2B + 4B)xe ™ = xe™*



> 64=1
A_l
"6

Particular Integral

1
y=e*(x+D)+ gx3e"‘
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