Cape Unit 1 Paper 2 2014
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(b) (1) Y®x=y+x +ay’ +ax’ =5y —-5x+16
x®y=x"+y +ax’ +ay’ —5x—5y+16
y®@x=x®y

.. @1is commutative

() 2@®x=2°+x’+4a+ax* —-10-5x+16
=X +ax’ —5x+14+4a

f)=1+a—-5+14+4a=0
a=-2

fx)=x>—2x* —5x+6

xP—x—-6
x—1)x3—2x2—5x+6

3 2
X —X

— x> =5x

—x +x
—6x+6
—6x+6

x*—x—-6=(x-3)x+2)
()= =1 x=3)x+2)

(c) let P be Zn:(Zr —1)2 = %(4712 —1)

r=1

1

for n=1:LHS = 1 RHS=%(4—1)

. true forn =1
Assume that P is true whenn =k

> (2r 1) = §(4k2 -1)

r=1

Prove that P, is true whenn =k +1, that is,
k+1

> (2r-1y =%(4(k+1)2 —1)

r=1

LHS RHS

k+1

> (2r-1y

r=1
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K> =1)+[2(k +1)-1F ?[4/{2 +8k+3]

(2r=1) +(k +1)" term %(4@2 +2k+1)-1)

4k +8k* + 3k + 4k* + 8k +3

W WXy

N

k> 1)+ (2k +1) 5




4k° — k +3(4k> + 4k +1) 4K +12K7 +11k +3

3 3
Ak —k+12k7 +12k +3
3
A 12K +11k+3
3

Since LHS=RHS P, is true forn = k +1. Therefore P, is true for alln € N by the PMI.

@ @O @ )=7k)=r+1)
=2(2x*+1) +1
=2(4x*+4x2+1)+1

=8x*+8x%2+3

=x—-1+1
=X

(i1) since f [g(x)] =X, fand g are inverse functions

(b) 310g(a7+bj =loga+2logb

a+b a+b ’
3log| L2 | =1
Og( 2 j Og( 2 )

[a3 +3a’b+3ab* + b* J
=log

8

5ab* +3ab’ 8ab*
=log B — =log 2

= log(abz)
=loga+logh’
=loga+2logb

OR
3 log(aTMj =loga+2logh

b 3
log(%) = log(abz)

a’ +3a’b+3ab* +b’ )
=ab
8
a’ +3a’*b+3ab® +b° =8ab*
a +3a*b+b’ =5ab?
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(ii) log,(x+1)—log,(3x+1)=2

3x+1
x+1=12x+4
—11x=3

3

X=——
11

@ J§—1+J§+1+J§—1+J5+1:
B3+l A3-1 V241 J2-1
WB-1f +(B+1f (2-1f +(2+1]

V3+1)v3-1) ~ (V2+1)V2-1)
3—2J§+1+3+2J§+1+2—2J§+1+2+2J§+1
3-1 2-1
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COSy COSX

coty—cotx siny sinx
cotx+coty COSX  COSY
sinx siny

@ @

sin x cos y —cos xsin y

B sin xsin y
sin y cos x + cos ysin x

sin xsin y

_ sinxcosy—cosxsiny

sin y cos x + cos ysin x

_ sin(x —y)
sin(x+ y)

cot y—cotx  Sinxcosy—cosxsiny

(i)

cotx+coty sinycosx+cosysinx

. )
sinx=1=cosx=+1-sin" x

J3
But0 < x <%, hence cosx:7
%cosy—@siny _

1

B 1
Tsmy‘f‘icosy

cosy—\/gsiny=\/§siny+cosy



(b)

(1)

(i)

(i)

0=2+/3siny
siny=0
yv=0,7,27

OR

coty—cotx _ sin()c—y)=1

cotx +cot y sin(x+ y)

sin(x— y)—sin(x+y)=0

Sin xcos y —cos xsin y —sin xcos y —cos xsin y =0
—2cosxsiny =0

2cosxsiny =0

Butsinx=4 0<x<Z%
cosx=+,/1-%#0

hence2cosxsiny=0=siny=0
yv=0,7,27

3sin260+4cos 260 =rsin 260 cos a +r cos 28sin o
rcosa =3

rsina =4
tana =%

a=tan™$=0.927

r=+3>+4>=5

.3sin 26 + 4cos 20 = 55in(20 +0.927)

(a) at minimum Sin(29 + 0.927) =-—1
20+0.927 =32

p_ 50927
2
6=1.89°

(b) max value of f (Q)is 5
min value of f (H)is -5

max value of = =
7

min value of = =

7-f6) 7+5 12

(2 3):()(?1-0-1 y1+2j
’ 27 2

x +1
2

=2=x+1=4=x=3



—y1;2:3:y1+2=6:>y1=4
B(3,4)

(iii)  the locus of p is a circle with centre (2, 3) and radius v/2 units.

t t
®) yzl—tzz(l—t)(lﬂ)
xt
T1-t
y(1-t)=xt
y—ty=xt
y=(x+y)
Y=y
xX+y
e 1 _ 1 _ Xty
1+¢ 1+(yJ x+2y
xX+y
X+ 2xp—-x—y=0
© @ PO=00-0;
-1\ (3 —4
=l A |-|-2|=|4+2
5 1 4
= —4i+(1+2)j+4k
2 (-1 3
R=| 1 |-| 2 |=[1-2
—-4) (5 -9
=3i+(1-1)j- 9k
3 2 1
RP=|-2|-| 1 |=|-3
1 —4 5

=i-3j+5k

(i1) since PQ is the hypotenuse, PR is perpendicular to QR
PR.OR=0
(i—3j+5k).(3i+(1-1)j-9k)=0
—3+3(1-1)+45=0

—31=-45
A=15

@ @) lim f(x)=3a+2 lim £(x)=9a
since f (x) is continuous at x =3
lim /(x)= lim £(x)
3a+2=9a

-1
a=s



®  fx)= lim{f et h}? = (x)}

:lim\/;_ x+hX\/;+m

’HOh( x\/x+h) Jx+x+h

lim x—(x+h)
150 i x"x + hlx + il x"Jx+ hax+ h
. —h

- B+ b+ x(x+ 1))

B -1 I |

X x+x\/;_2x\/;_2x%

du
ii letu=x —=1
(i1) e e

v=(1+x) @:%(nx)‘i

dy _ (1+x)% —%x(1+x)%

dx I+x
L X
20+ x) —x(1+x)? 21+x) 1+ x)°
- 2(1+x) - 2(1+x)
2(1+x)—x
_ (l+x)%
~ 2(1+x)

_242x-x _ 2+x

21+x)  20+x)



(c) x=cosf

y=sinf

dy _ cosf

dx —sin@
=—cotf

@ O (@

(b)

(i)

@:—sine

do

Q=cos€

do

Q:?;xz 4x+1
dx

(Bx-1)x-1)=0

Stationary points (l, O) and (% , %)

2
d ¥:6x—4
dx
2
atx =1, d {=2>0 min point
dx
d’y .
atx =1, 2 =-2<0 max point
y=x -2x"+x
0:x(x2—2x+1)
0=x(x—-1)
4 x=0,1

»
»

®) @) letu =1+ x°

%:2x

dx

du = 2xdx
x=0=u=1

x=3=u=10






