
  

CAPE Pure Maths UNIT 2 (2012)
QUESTION 1

(a) (i) a) 𝑦 = 𝑥 𝑒

𝑑𝑦

𝑑𝑥
= 2𝑥𝑒 + 𝑥 𝑒 = 𝑒 (𝑥 + 2𝑥) 

𝑑 𝑦

𝑑𝑥
= 𝑒 (𝑥 + 2𝑥) + 𝑒 (2𝑥 + 2) 

         = 𝑒 (𝑥 + 4𝑥 + 2) 

b)  = 0 

 𝑒 (𝑥 + 2𝑥) = 0 

𝑥 + 2𝑥 = 0 

𝑥(𝑥 + 2) = 0 

𝑥 = −2, 0 

c) = 0 

𝑒 (𝑥 + 4𝑥 + 2) = 0 

𝑥 + 4𝑥 + 2 = 0 

𝑥 =
−4 ± 4 − 4(1)(2)

2(1)
 

𝑥 =
−4 ± 2√2

2
 

𝑥 = −2 ± √2 

(ii)  when 𝑥 = −2 

𝑑 𝑦

𝑑𝑥
= 𝑒 ((−2) + 4(−2) + 2) 

        = −
2

𝑒
 

Maximum point 

When 𝑥 = 0 

𝑑 𝑦

𝑑𝑥
= 𝑒 (0 + 4(0) + 2) = 2 

Minimum point 

When 𝑥 = −2 ± √2 

Points of inflection 

 

 

(b) (i)   𝑥 = sin √𝑡 

𝑑𝑥

𝑑𝑡
=

1

√1 − 𝑡
×

1

2
𝑡 =

1

2√𝑡√1 − 𝑡
 

𝑦 = 𝑡 − 2𝑡 

𝑑𝑦

𝑑𝑡
= 2𝑡 − 2 

𝑑𝑦

𝑑𝑥
= (2𝑡 − 2)2 𝑡(1 − 𝑡) 

      = 4(𝑡 − 1) 𝑡(1 − 𝑡) 

(ii) when 𝑡 =  

𝑥 = sin
1

2
=

𝜋

4
 

𝑦 =
1

2
− 2

1

2
= −

3

4
 

𝑑𝑦

𝑑𝑥
== 4

1

2
− 1

1

2
1 −

1

2
= −1 

𝑦 = 𝑚𝑥 + 𝑐     𝑚 = −1,
𝜋

4
, −

3

4
 

−
3

4
= −1

𝜋

4
+ 𝑐 

𝜋 − 3

4
= 𝑐 

𝑦 = −𝑥 +
𝜋 − 3

4
 



QUESTION 2 

(a) (i)  
( )( )

= +  

𝑥 − 3𝑥 = 𝐴(𝑥 + 1) + (𝐵𝑥 + 𝐶)(𝑥 − 1) 
When 𝑥 = 1 
−2 = 2𝐴 
−1 = 𝐴 
 
Equating coefficients of 𝑥 : 
1 = 𝐴 + 𝐵 
2 = 𝐵 
 
Equating coefficients of 𝑥: 
−3 = −𝐵 + 𝐶 
−1 = 𝐶 

𝑥 − 3𝑥

(𝑥 − 1)(𝑥 + 1)
=

2𝑥 − 1

𝑥 + 1
−

1

𝑥 − 1
 

         (ii) ∫  𝑑𝑥 

=
2𝑥 − 1

𝑥 + 1
 𝑑𝑥 −

1

𝑥 − 1
 𝑑𝑥 

=
2𝑥

𝑥 + 1
𝑑𝑥 −

1

𝑥 + 1
𝑑𝑥 −

1

𝑥 − 1
 𝑑𝑥 

= ln(𝑥 + 1) − tan 𝑥 − ln(𝑥 − 1) + 𝑐 

 
 

 
(b) (i)   sin 2𝑥 = sin(3𝑥 − 𝑥) 

sin 2𝑥 = sin 3𝑥 cos 𝑥 − cos 3𝑥 sin 𝑥 
cos 3𝑥 sin 𝑥 = sin 3𝑥 cos 𝑥 − sin 2𝑥 

       (ii)   𝐼 = ∫ cos 𝑥 sin 3𝑥  𝑑𝑥 and 𝐽 = ∫ cos 𝑥 sin 2𝑥  𝑑𝑥 

 𝑢 = cos 𝑥 

 𝑑𝑢 = 𝑚 cos 𝑥 (− sin 𝑥) 

       = −𝑚 cos 𝑥 sin 𝑥 

 𝑑𝑣 = sin 3𝑥 

 𝑣 = − cos 3𝑥 

  

cos 𝑥 sin 3𝑥  𝑑𝑥 = −
1

3
cos 3𝑥 cos 𝑥 −

𝑚

3
cos 3𝑥 cos 𝑥 sin 𝑥  𝑑𝑥 

𝐼 = −
1

3
cos 3𝑥 cos 𝑥 −

𝑚

3
(sin 3𝑥 cos 𝑥 − sin 2𝑥) cos 𝑥  𝑑𝑥 

𝐼 = −
1

3
cos 3𝑥 cos 𝑥 −

𝑚

3
sin 3𝑥 cos 𝑥  𝑑𝑥 +

𝑚

3
sin 2𝑥 cos 𝑥  𝑑𝑥 

𝐼 = −
1

3
cos 3𝑥 cos 𝑥 −

𝑚

3
𝐼 +

𝑚

3
𝐽  

3𝐼 = − cos 3𝑥 cos 𝑥 − 𝑚𝐼 + 𝑚𝐽  

(𝑚 + 3)𝐼 = 𝑚𝐽 − cos 3𝑥 cos 𝑥 

    (iii)  cos 𝑥 sin 3𝑥 = cos 3𝑥 sin 𝑥 + sin 2𝑥 

𝐼 = cos 𝑥 sin 3𝑥  𝑑𝑥 



When 𝑚 = 1 

4𝐼 = 𝐽 − cos 3𝑥 cos 𝑥 

= cos 𝑥 sin 2𝑥 𝑑𝑥 − cos 3𝑥 cos 𝑥 

= sin 2𝑥 𝑑𝑥 − cos 3
𝜋

4
cos

𝜋

4
− cos 3(0) cos 0  

= sin 2𝑥 𝑑𝑥 − −
1

2
− 1  

= sin 2𝑥 𝑑𝑥 +
3

2
 

 

(iv)  ∫ sin 2𝑥 𝑑𝑥 = − cos 2𝑥
0

 

= −
1

2
cos 2

𝜋

4
− −

1

2
cos 2(0)  

=
1

2
 

 

QUESTION 3 

(a) (i)  𝑢 = 𝑢 𝑟 = 486 

𝑢 = 𝑢 𝑟 = 118 098 

𝑢 𝑟

𝑢 𝑟
= 𝑟 =

118098

486
= 243 

𝑟 = 243 

𝑟 = 3 

𝑢 (243) = 486 

𝑢 = 2 

      (ii) 𝑆 =
( )

 

 177146 =
( )

 

 177146 = 3 − 1 

 177147 = 3  

 ln 177147 = ln 3  

 ln 177147 = 𝑛 ln 3 

 = 𝑛 

 11 = 𝑛  

  

 

 



(i)   𝑢 = 𝑟(𝑟 + 2) 

(ii)  𝑃 : ∑ 𝑛(𝑛 + 2) = 𝑛(𝑛 + 1)(2𝑛 + 7) 

 𝑃 : 1(1 + 2) = (1)(1 + 1)(2(1) + 7) 

 3 = 3 

 Therefore 𝑃  is true 

 Assume that 𝑃  is true for 𝑛 = 𝑘 

 𝑃 : ∑ 𝑟(𝑟 + 2) = 𝑘(𝑘 + 1)(2𝑘 + 7) 

 𝑃 : ∑ 𝑟(𝑟 + 2) = (𝑘 + 1)(𝑘 + 2)(2𝑘 + 9) 

 Now, 𝑃 = 𝑃 + (𝑘 + 1) term 

 𝑃 = 𝑘(𝑘 + 1)(2𝑘 + 7) + (𝑘 + 1)(𝑘 + 3) 

=
𝑘(𝑘 + 1)(2𝑘 + 7) + 6(𝑘 + 1)(𝑘 + 3)

6
 

=
(𝑘 + 1)

6
[2𝑘 + 7𝑘 + 6𝑘 + 18] 

=
(𝑘 + 1)(2𝑘 + 9)(𝑘 + 2)

6
 

 Therefore 𝑃  is true whenever 𝑃  is true. 

 Hence by Mathematical Induction ∑ 𝑛(𝑛 + 2) = 𝑛(𝑛 + 1)(2𝑛 + 7) for all 𝑛 ∈ ℕ. 

 

(b) (i)  From formula sheet 

cos 𝑥 = 1 −
𝑥

2!
+

𝑥

4!
 

cos 2𝑥 = 1 −
(2𝑥)

2
+

(2𝑥)

24
 

= 1 −
4

2
𝑥 +

16

24
𝑥  

= 1 − 2𝑥 +
2

3
𝑥  

(ii)  cos 2𝑥 = 1 − 2 sin 𝑥 

        sin 𝑥 = − cos 2𝑥 

        =
1

2
−

1

2
1 − 2𝑥 +

2

3
𝑥  

                    =
1

2
−

1

2
+ 𝑥 −

1

3
𝑥  

                   = 𝑥 −
1

3
𝑥  

  



QUESTION 4 

(a) (i)  
𝑛
𝑟

=
!

( )! !
 

(ii)  
𝑛

𝑛 − 𝑟
=

!

( ) !( )!
 

                       =
𝑛!

𝑟! (𝑛 − 𝑟)! 
 

                       =
𝑛
𝑟

 

(iii)  𝑥 −  

 Coefficient of 𝑥  

 
8
4

(𝑥 ) −  

 70𝑥  

        = 5670  

      (iv) (1 + 𝑥) = (1 + 𝑥) (1 + 𝑥)  

                   2𝑛
𝑛

𝑥 =
𝑛
0

𝑥 +
𝑛
1

𝑥 + ⋯ +
𝑛

𝑛 − 1
𝑥 +

𝑛
𝑛

𝑥
𝑛
𝑛

𝑥 +
𝑛

𝑛 − 1
𝑥 + ⋯ +

𝑛
1

𝑥 +
𝑛
0

𝑥  

                                 =
𝑛
0

𝑥 +
𝑛
1

𝑥 + ⋯ +
𝑛

𝑛 − 1
𝑥 +

𝑛
𝑛

𝑥  

                     
2𝑛
𝑛

= 𝑐 + 𝑐 + 𝑐 + ⋯ + 𝑐 + 𝑐  

 

(b) (i)  𝑓(𝑥) = 2𝑥 + 3𝑥 − 4𝑥 − 1 

𝑓(0.2) = 2(0.2) + 3(0.2) − 4(0.2) − 1

= −
208

125
 

𝑓(2) = 2(2) + 3(2) − 4(2) − 1 = 19 

𝑓(𝑥) is continuous on the interval [0.2, 2] 

and 𝑓(0.2)𝑓(2) < 0. By the Intermediate 

Value Theorem there is some 𝑐 such that 

𝑓(𝑐)) = 0. Therefore there is a root in the 

interval [0.2, 2]. 

      (ii) 𝑓(𝑥) = 2𝑥 + 3𝑥 − 4𝑥 − 1 

 𝑓 (𝑥) = 6𝑥 + 6𝑥 − 4 

𝑥 = 0.6 −
2(0.6) + 3(0.6) − 4(0.6) − 1

6(0.6) + 6(0.6) − 4
 

𝑥 = 1.672727 

 𝑥 = 1.231807 

 𝑥 = 1.042692 

 𝑥 = 1.00 

 

QUESTION 5 

(a) (i)   4 × 6𝑃3 = 480 

(ii) 4 × 7 = 1372 

 

(b) (i)  =  

(ii) 0 T, O G, 5 J = 6𝐶5 = 6 

 1 T, 1 G, 3 J = 2𝐶1 × 3𝐶1 × 6𝐶3 = 120 

 2 T, 2 G, 1 J = 2𝐶2 × 3𝐶2 × 6𝐶1 = 18 

 Total number of committees is 6 + 120 + 18 = 144 



 

(c) 𝐵 = 𝐴 − 3𝐴 − 1 

    =
1 0 3
2 1 −1
1 −1 1

1 0 3
2 1 −1
1 −1 1

− 3
1 0 3
2 1 −1
1 −1 1

−
1 0 0
0 1 0
0 0 1

 

     =
4 −3 6
3 2 4
0 −2 5

−
3 0 9
6 3 −3
3 −3 3

−
1 0 0
0 1 0
0 0 1

 

      =
0 −3 −3

−3 −2 7
−3 1 1

 

(ii)  
1 0 3
2 1 −1
1 −1 1

0 −3 −3
−3 −2 7
−3 1 1

=
−9 0 0
0 −9 0
0 0 −9

= −9𝐼 

(iii)  𝐴𝐵 = −9𝐼 

 𝐴 − 𝐵 = 𝐼 

  

𝐴 = −
1

9
𝐵 = −

1

9

0 −3 −3
−3 −2 7
−3 1 1

 

 

(iv)  𝐵
𝑥
𝑦
𝑧

=
3

−1
2

 

𝑥
𝑦
𝑧

= 𝐵
3

−1
2

 

     
𝑥
𝑦
𝑧

= −
1 0 3
2 1 −1
1 −1 1

3
−1
2

 

   
𝑥
𝑦
𝑧

= −
1

9

9
3
6

=

⎝

⎜
⎛

−1

−
1

3

−
2

3⎠

⎟
⎞

 

  



QUESTION 6 

(a) (i)  𝐴 =  

           =
(1 + 𝑖)(1 + 𝑖)

(1 − 𝑖)(1 + 𝑖)
 

           =
1 + 2𝑖 + 𝑖

1 + 1
 

          =
2𝑖

2
 

           = 𝑖 

      𝐵 =
√2

1 − 𝑖
 

          =
√2(1 + 𝑖)

(1 − 𝑖)(1 + 𝑖)
 

         =
√2(1 + 𝑖)

2
 

         =
√2

2
+

√2

2
𝑖 

(ii)  𝐴 + 𝐵 = +
√

=
√

 

        𝐴 + 𝐵 = 𝑖 +
√2

2
+

√2

2
𝑖  

                    =
√2

2
+

2 + √2

2
𝑖 

      arg(𝐴 + 𝐵) = tan
2 + √2

2
÷

√2

2
=

3𝜋

8
 

 

 

 

 

 

 

 
(b) (i)    𝑧 = 𝑖 

(𝑎 + 𝑏𝑖) = 𝑖 

𝑎 − 𝑏 + 2𝑎𝑏𝑖 = 𝑖 

Equating real parts 

𝑎 − 𝑏 = 0 

𝑎 = 𝑏   (1) 

Equating imaginary parts 

2𝑎𝑏 = 1 

𝑎𝑏 =
1

2
 

𝑎 =
1

2𝑏
                  (2) 

Sub (2) into (1) 
1

2𝑏
2 = 𝑏  

1

4𝑏
= 𝑏  

1

4
= 𝑏  

±
1

√2
= 𝑏 = ±

√2

2
 

When 𝑏 =
√

 

𝑎 =
1

2
√2
2

=
√2

2
 

𝑧 =
√2

2
+

√2

2
𝑖 

When 𝑏 = −
√

 

𝑎 =
1

2 −
√2
2

= −
√2

2
 

𝑧 = −
√2

2
−

√2

2
𝑖 

 

(ii) 𝑧 − (3 + 5𝑖)𝑧 − (4 − 7𝑖) = 0 

       𝑧 =
3 + 5𝑖 ± (3 + 5𝑖) − 4(1)(−4 + 7𝑖)

2(1)
 

          =
3 + 5𝑖 ± √9 + 30𝑖 − 25 + 16 − 28𝑖

2
 

         =
3 + 5𝑖 ± √2𝑖

2
 

         =
3 + 5𝑖 ± √2√𝑖

2
 

         =

3 + 5𝑖 ± √2
√2
2

+
√2
2

𝑖

2
 

         =
3 + 5𝑖 ± (1 + 𝑖)

2
 

     𝑧 =
3 + 5𝑖 + 1 + 𝑖

2
= 2 + 3𝑖 

     𝑧 =
3 + 5𝑖 − (1 + 𝑖)

2
= 1 + 2𝑖 

 

 

 

 

 



(c) cos 6𝜃 + 𝑖 sin 6𝜃 = (cos 𝜃 + 𝑖 sin 𝜃)  

= cos 𝜃 + 6 cos 𝜃 (𝑖 sin 𝜃) + 15 cos 𝜃 (𝑖 sin 𝜃) + 20 cos 𝜃 (𝑖 sin 𝜃) + 15 cos 𝜃 (𝑖 sin 𝜃)  

    +6 cos 𝜃 (𝑖 sin 𝜃) + (𝑖 sin 𝜃)  

= cos 𝜃 + 6𝑖 cos 𝜃 sin 𝜃 − 15 cos 𝜃 sin 𝜃 − 20𝑖 cos 𝜃 sin 𝜃 + 15 cos 𝜃 sin 𝜃 + 6𝑖 cos 𝜃 sin 𝜃 − sin 𝜃 

Equating real parts 

cos 6𝜃 = cos 𝜃 − 15 cos 𝜃 sin 𝜃 + 15 cos 𝜃 sin 𝜃 − sin 𝜃 

 

 

  




