CAPE 2017 Paper 2 SOLUTIONS

QUESTION 1
@ (@ ~pVvgq

(i) p > ~q

(b) (i) *is commutative since2*1 =1+%2

(i) 1+3=1

The table is symmetric about the diagonal hence * is commutative or
showing that a*b =b*a for all a,b.

2x3=2 3*a=a*3 for all ain {1, 2,3,4} therefore 3 is the identity element of *.

3x3=3

4x3 =4

© () f&x)=ax*+9x2—11x+b
f(2)=0
a(2)? +9(2)2 —11(2) + b = 0

8a+b=-14

f(=2) =12
a(=2)3+9(-2)2 —11(=2) + b = 12

—8a+b=-46

(i) f(x) =2x3+9x%—11x — 30

X x . conskent
o A 0 -~ 306
¢ -ab - 20

W -4
S e
flx) = (x—2)(2x? + 13x + 15)

fx)=0x—-2)2x+3)(x+5)

= _5’__52
g 2

(d) LetB,: Yr—18r=4n(n+1) VvVneN
P:8(1) = 4(1)(1+ 1)
8=28

Therefore P, is true.
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Assume P, is true forn = k

k
Pk:Z8r=4k(k+1)

r=1
k+1

Pevs: Z 8r = 4(k + 1)(k + 2)

r=1

Pry1 = P + (k + Dterm
=4k(k+1)+8(k+1)
=(k+1)(4k +8)
=4k +1)(k+2)

Therefore P, is true V P, is true.

Hence by mathematical induction 8 + 11 + 24 + 32 + -+ + 8n = 4n(n + 1) foralln € N.

QUESTION 2
2. (@@ (a +b)? = a® + 2ab + b*
a+b 1
1n< 2 )=E(lna+lnb) Therefore
a? + b? = 14ab
a+b 1
1“( 4 )zi(lnab) a?+b% —14ab = 0
a+b 1 a® +b?+2ab—16ab =0
ln< 2 )=ln(ab)2
(a + b)? = 16ab
a+b
=Vab (@+b? _
16 ¢
a+b=4Vab
a+ b\*
(a +b)? = 16ab ( 4 ) = ab
a? + 2ab + b? = 16ab a + b2
n( 2 ) =Inab
a® + b? = 14ab
a+b
21n< )=lna+lnb
4
Alternately a+b 1
1n< 2 )=E(lna+lnb)
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(i) 27 +3(2%) =4 o =1
1 3
—+302%) =4
2% In2* =In-
1+3 4=0
— y—4= 1
y _ln(g)_ In3
3y2—4y+1=0 *TTm2z T Iz
Gy-Dy-1)=0 2i=1
x=0
y—3,
(b)
Yy
20’
WAL
35t ih
S 10— 5| < 10 15 20 >
il il
7
20

(© a+ﬁ+y=—§=0

c
aﬁ+ay+ﬁy=a=3

afy = ——=

x* = (@B +ay + py)x* + ((@B)(ay) + (@B)(BY) + (@) (BY))x — ((@B)(ay)(By)) = 0

af+ay+Ly=3

(ap)(ay) + (aB)(By) + (av)(By)
= a’By + B*ay +y*ap

= (aBy)(@+ B +y)

= (=2)(0)



=0
(ap)(ay)(By)
= (aBy)?

= (-2)?

=4

x3-3x2—-4=0

QUESTION 3
s _ tanA+tanB i . _3
3. (a) () tan(A+B) = PR — (i) sind = .
3
sin(A + B) tanA = 2
cos(A + B) 1
_ sinAcosB +sin B cos A COSB:_E
"~ cosAcosB —sinAsin B tanB = —3
_ (sinA cosB + sin B cosA)
~ \cosAcosB ' cosAcosB
) (cosAcosB sinAsinB) tan(4 + B) = tand +tan B
"\cosAcosB cosAcosB 1-tanAtanB
_ tan4 + tan B (%) + (—\/§)
" 1-tanAtanB = 3
1-(3)(-V3)
ALTERNATELY _ (E _ \/5) (1438
4 4
tanA4 + tan B =<3_4\/§>X<4+3\/§>
1—tanAtanB 4 4
_(sinA_l_sinB) (1 (sinA)(sinB) 3—43
" \cosA  cosB/ cos A/ \cos B =4+3\/§
_ (3-4V3)(4-3v3)
_ (sinAcosB +sinBcosA\ = (cosAcosB —sinAsinB - (4 + 3@)(4‘ _ 3\/§)
_( cosAcosB )_( cosAcosB )
_ 12-9V3-16V3 +36
_ sinA cosB + sinB cos A cosAcosB 16 —27
_( cosAcosB )X(cosAcosB—sinAsinB) 48 — 25\/§
ST
_sinAcosB+sinBcosA 48 253
" cosAcosB —sinAsin B __H+ 11
_sin(A+B)
" cos(A+B)
=tan(4 + B)




(b) sin?6 —2cos*6 +3cosf +5=0
(1 —cos?8)—2cos?+3cosf+5=0

—3cos?0 +3cos8+6=0
cos?60 —cosf—2=0
(cos8 —2)(cosf+1) =0

cosf =-1
0=nm
0 =3m

By using the graph of cos 6.

(c) (i) f(8) =6cosO +8sinb
r =62 +82 =10
6
a =tan™! <§> = 36.87°
£(0) = 10sin(0 + 36.87°)

(i) 10sin(@ + 36.87°) = 2
sin(6 + 36.87°) = 0.2
RA = sin"1(0.2) = 11.54°
I:0 + 36.87° = 11.54°

6 = —25.33°

11: 6 + 36.87° = 180° — 11.54°
= 168.46°

6 = 131.59°

General solution:
6 =—-25.33+360°n, n€Z
6 =131.69°+ 360°n,n € Z

QUESTION 4

(@ ()x*4+y*—4x+2y—-2=0
(x—22+@+1)2=2+4+1
(x—2)*4+@+1D*=7
Centre (2,—1)

Radius of C, =

J(z — (1)’ + (-1-(-2))* = vi0

Cr(x—2)+@+1)2=10

(i) x2+y*—4x+2y+2=0

x+3y=3 > x=3-3y

(3-3y)24+y2—4(3B3—-3y)+2y—2=0

9y2 — 18y +9+y? - 12+ 12y +2y—-2=10
10y2 —4y—-5=0
b? — 4ac
(—4)?-4(10)(-5) >0

Since discriminant is positive the
quadratic has 2 distinct roots therefore
the L; cannot be a tangent to C;.

(b) (i) PQ = —2i —3j + 2k

(i) rn=a.n

0E)-GIE)

—2x—-3y+2z=-2+6+8

—2x—3y+2z=12
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(©) Ly =—i+j—2k+a(=2i+j—3k)
Ly=—2i+j—4k+B(i—j+k)

—i+j—2k —2ai +aj — 3ak

= —2i+j— 4k + Bi — Bj

+ Bk
(-1 -2a)i = (=2 + B)i
—1-2a=-2+R

2a+B=1 (1)

Q+a)j=>0-p)
l1+4a=1-p

a+B=0 2)

(=2 = 3a)k = (—4 + Pk
—2-3a=—4+p

3a+ B =2 3)

Solving (1) and (2) simultaneously
20+ =1

a+pf=0

a=1

pg=-1

Checking in (3)

3D+ =2

Therefore L; and L, intersect.

() Ly =—=i+j—2k—2i+j—3ksincea =
1

L, =-3i+2j—5k
When g = -1
Ly=—=2i+j—4k—i+j—k
L, =-3i+2j—5k

Point of intersection is —3i + 2j — 5k

QUESTION 5

N e
(@) }CI_I’)I} — = k

- DEr P+ x+ 1)
lim =
x—-1 x—1

k

limx*+x3+x?2+x+1=k

x—1
1*+13+1°+1+1=k

5=k

45



(b) () x=5t+3, y=t3—-t2+2 Whent =0
ax _ . x=5(0)+3=3
dt
y=03—-0242=2
dy )
dy dy y dt
dx ~ dt = dx ,
dy_3t2—2t Whentzg
dx 5 2 19
x=5(3)+3=7
(ii) Z—i =0
2\% 2\2 50
3t2 -2t =0 v=(3) -(3) +2=5
t(3t—2)=0 (B @)
) 3’27
t=0,-
3
1 2 1 3
© ()@ y=vZ+2xZ=(2+2x2): (0) £2 = 2(2 + 2x%) 77 + 2x [~ 2 (2 + 2x%) 2 (4%)
dy 1 -1 d? 1 3
2 = 7@+ 2x%)72(4x) d—xZ= 2(2 + 2x)77 — 4x%(2 + 2x2) 2
d 1
d—y =2x(2+2x?)72 @ 4
x dx? 3
1 3 113
& = 2(2 4 2x2) 7 — 4x2(2 + 2x2) 2 — 4 [(2 + 2x2)_7]
— -2
ydx g 1 3 3
L L =2(2+2x?)72—4x?(2+2x?)72 - 4(2+ 2x?)2
=2 +2x%)22x(2 +2x%)72 - 2x s
2y 2 =2(2+2x?)72[2 + 2x2 — 2x? — 2]
=2x—2x
3
=0 =2(2 + 2x2)72(0)
=0
Ly d2y
(i) wwhen x=0
_1 3
=2(2+2(0)) 2-4(0)2(2+2(0)) 2
=2
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QUESTION 6
(@ M

YA

(ii) Equation of PQ

3-1_2
Mm=3_-0"3
_2i41

y=3x

(iii)f03§x+ 1 dx+f34—x+6 dx—f04ix+ 1 dx
_[2(*? N 3+ x2+6 4 [1/x? N 4
"B\ T e T2 T3 T a\2) T o
[ (3)2 02
=({——+3)—-(=+0
(3 + S o)+

- :(6—0)+<16—§>—(6—0)]

5
2

2

42 3
(-7 + 6(4)) - (-7 +6(3)

Equation of QR
M3y
y=mx+c (3,3)m=-1
3=-13)+¢
c=6
y=—-x+6
Equation of PR
_2-1 1
M=4-0 1
_2 +1
y=3*

-

)
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© [1Bf@)+g()]dx=5

and f_31[5f(x) —2g(x)] dx =1

3
fBﬂ@+g@de=5

3 ff(x) dx + fg(x) dx =5
51 51

5 ff(x)dx—Z fg(x) dx =1

Let f_31f(x) dx = mand f_31g(x) dx=n
3m+n=>5 (D

Sm—-2n=1 2

(1) X 2: 6m + 2n = 10

2) Sm—-2n=1

11lm =11
m=1
n=2

_[f(x) dx =1

3

fg(x) dx =2

-1
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